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DYNAMICS ANALYSIS OF COOLANT CIRCULATION 
IN BOILING WATER NUCLEAR REACTORS 

by 

Chathilingath K. Sanathanan 

ABSTRACT 

The dynamics of two-phase flow through the coolant 
channels of a natural-circulat ion boiling water nuclear r e ­
actor is studied analytically. One-dimensional conservation 
equations describing the flow through each channel a r e w r i t -
ten in the l inearized perturbed form, and Laplace t ransfor­
mation in time is performed. A systematic procedure is 
developed to approximate the solution. The solution may be 
oscil latory both in time and space, and the stability depends 
largely upon the steady-state profile of velocity and void 
fraction along the channel, as well as the channel length. 
The simplifying assumption made by ear l ie r investigators 
that the slip ratio is constant along the channel length is 
shown to yield resul ts close to the true solution. 

The solution gives the space-t ime dependent t ran­
sient s team void fraction which when multiplied by the r eac ­
tivity worth of void yields the space-t ime dependent void 
reactivity. Coupling between paral lel channels due to a com­
mon downcomer is investigated. 

Several specific problems are considered and the 
predicted solutions a re substantiated by comparison with 
those obtained through elaborate numerical methods and p re ­
vious observations. 

The analytical techniques developed are applicable 
to both natural- and forced-circulation sys tems. 

I. INTRODUCTION 

"I have no doubt whatever that our ultimate aim must 
be to describe the sensible in t e rms of the sensible." 

J. H. Poynting 

A good understanding of the dynamics of two-phase flow through 
heated boiling channels is essential to the design of high-performance 



boilers and boiling nuclear reactors . Because of the effect of steam voids 
on the reactivity, and hence on the control of a nuclear reactor , it is par t ic­
ularly important to understand the transient behavior of steam voids m the 
coolant channels. 

Several attempts(l "5) have been made in the past years to uncover 
the possibility of instability, flow oscillations, or chugging in heated boiling 
channels with forced or natural circulation. The philosophy of almost all 
the past theoretical approaches has been to arr ive at a solution to the equa­
tions expressing the conservation of energy, mass , and momentum pertinent 
to the system on the basis of several simplifying assumptions In some of 
the elaborate numerical methods introduced by Meyer _e£_ai.,( • > the simpli­
fying assumptions have been kept to a minimum, and there has been good 
agreement between the predicted and experimentally observed resu l t s . 

There are two main disadvantages to the numerical approach, however, 
namely, that tremendous care must be exercised with respect to the computer 
programming each time the method is applied to different sys tems, and, sec­
ondly, that an explicit functional form of the t ime-space dependence of the 
solution is not obtained directly. Also, because of this lack of functional 
form, the numerical approach does not readily lend itself to analysis of com­
plementary problems. 

A second approach, the transfer-function technique, was proposed by 
Quandt' ' to study the response of two-phase flow to a given change in the 
heat flux. In this technique the space-time-dependent conservation equations 
were solved in their linearized perturbed form, there being assumed a 
knowledge of the steady state and one-dimensional space. 

In Quandt's method, however, one is expected to know the exact spa­
tial dependence of the solution even before the equations are solved. Spe­
cifically, the method assumes that the perturbed mass flow rate is linear 
along the length of the channel and that the perturbed, fluid enthalpy always 
follows the integrated perturbed heat flux. These assiomptions may not in­
troduce large e r r o r s in the predicted dynamic behavior if the channel t rans­
port time is small compared with the period of flow oscillation. This was 
the case in the particular experimental setup which was used to observe the 
oscillations, and satisfactory agreement between the theoretical predictions 
and experimental observations was found. One may observe that these a s ­
sumptions force the perturbations to have their extremums at the channel 
end points at all t imes, which is not true. 

The present study is an attempt to avoid the above difficulties in ob­
taining both the time and space variations of the solution of the l inearized 
perturbed conservation equations. To be sure, assumptions such as the flow 
is separated, the variables are unidimensional in space, and so forth, are 
made in the derivation of these equations. These assumptions are given in 
Section II, 



The following is a very brief introduction to the present method. 
Basically, two things a re desired: (l) the space-t ime solution of the l ine­
ar ized perturbed conservation equations, which yield such things as the 
t ransient void reactivity in a nuclear reactor , and (2) an understanding of 
the hydrodynamic stability. Consider one such desired result , the depend­
ent variable Aa(z,t), perturbed void fraction which is a function of time 
't , ' and position 'z ' along the length of the channel. In the present method 
Aa(z,t) is expressed as follows: 

Aa(z,t) = boPo(z) + biPi(z) + b2P2(z) + . . . , 

where the coefficients bo, bj, bj, and so forth, are unknown functions of time 
only, and PQ, Pi, P2, and so forth, are orthogonal functions of variable ' z . ' 
Similar expressions, of course, a re used for the other dependent var iables . 
The nature of the problem and the boundary conditions suggest the use of 
Legendre polynomials, as discussed later. The coefficients bo, b], and so 
forth, are obtained by substituting the above ser ies expansions for the un­
known variables in the equations and applying orthogonality conditions. Con­
siderable evidence is available for the convergence of the above ser ies ap­
proximation of the solution. 

The hydrodynamic stability is investigated through transfer functions 
such as that between AVf(z,t), the perturbed velocity of the liquid, and 
A0(z,t) the perturbed heat flux. This is done conveniently by use of a Laplace 
transformation of the time variable. 

The method developed is applied to a number of specific problems. 
Dependence of flow stability upon several factors such as the channel length, 
the inlet p r e s su re drop, the downcomer drops, and the steady-state heat-
flux profile along the channel, is investigated for a specific natural-
circulation loop. The problems of operating channels in paral lel with a 
common downcomer a re also considered. 

In par t icular , the void reactivity is investigated, since it plays an 
important role in the stability of a nuclear reactor . As the z-dependence 
of Aa is available in this development, one may evaluate the transient r e ­
activity contribution of each channel if the void coefficient of reactivity, 
•n(z), is given. The total void reactivity of the reactor is obtained by add­
ing the individual contributions of the channels. In many instances in the 
past,(3.6) the void reactivity of the reactor was calculated by simply es t i ­
mating an average of Aa and the void coefficient of reactivity for the entire 
reac tor . Both of these methods a re presented in Section IV, and the defi­
ciency of the other method is i l lustrated. 

Results indicate that though the steam slip rat io is allowed to be 
variable along a channel, in contrast to many previous investigations,^ 1.3.') 
little change occurs in the solution if the simplifying assumption of constant 
s team slip rat io is made. It is also found that the assumption of a simple 



z-dependence of the solution (i.e., one linear in z) can introduce sizeable 
e r r o r s . In addition, the method predicts the steady-state perturbation of 
void fraction, velocity of the water, and so forth, for a step increase in 
heat input to a natural-circulation loop. In general, remarkable agreement 
is found between the predictions made by the present method and experi­
mental observations made thus far, as well as those by elaborate digital-
computer solutions. 

II. THE MODEL AND THE ASSUMPTIONS 

Figure 1 illustrates the model under consideration, which consists 
of a vertical reactor core, with several coolant channels, immersed in 
water. A typical flow loop is indicated on the diagram. 

PRESSURE—, 
VESSEL ^' 

It is assumed that the reac­
tor pressure and its power level may 
be varied, and that the water in the 
entire vessel and the makeup water 
are at saturation temperature . Fur­
ther, there is no carryunder in the 
downcomer, and the p ressu re of the 
overall system does not change with 
time for small perturbations in pow­
er, so that the physical propert ies , 
such as the saturation temperature, 
do not change. 

The occurrence of separated 
flow has been observed and is gener­
ally accepted, as it will be in this 
presentation. However, the lack of 
understanding of flow patterns makes 
it unrealistic to assign c ro s s -
sectional velocity distributions within 
the two phases. Fur thermore , the 
fact that the cross section of the 
channels considered is not large com­
pared with the bubble size, leads to 
the assignment of a single velocity 
Vf(z,t) to the liquid part icles and of 

Vg(2,t) for the gas at any cross section located at a distance z from the 
inlet to the channel. A single variable a(z,t) is chosen to represent the 
fraction of the cross section at z which is occupied by steam. It is also 
assumed that the slip ratio S = Vg/Vf does not change from its steady-
state value for small perturbations in the heat input. Nevertheless, var ia­
tion of the slip ratio along the channel length is considered. The value of S 
may, in general, be greater than or equal to one. 

112-3791 
Fig. 1. 

COOLANT CHANNEL 

Model of a Natural-
circulation Boiling 
Water Reactor 



The stat is t ical fluctuations in the heat flux, void fraction, velocity, 
etc. , due to the randomness in bubble formation are assumed to be at much 
higher frequencies than the natural frequencies of oscillation in the system. 
P roces se s such as the eddy diffusion of energy and momentum are consid­
ered negligible, and so a re the kinetic and potential energy t e rms , as well 
as the variation of p re s su re with time. Also, the te rms representing the 
energy loss due to expansion at the exit of the channels along with the gain 
in p r e s su re head are neglected. It is observed that this gain in p re s su re 
head and the loss due to the eddy diffusion of momentum in the r i s e r tend to 
cancel each other in some steady-state experiments. (8) As there is a lack 
of fair understanding of the lat ter , it is only logical not to consider just the 
former alone. 

Flow of heat from the wall surface to the fluid, taken to be without 
an internal heat source, is assumed normal to the wall surface. Per tu rba­
tion of the heat flux is assumed to take place simultaneously in all channels. 
Fur ther , in each channel the perturbed heat flux of the channel may be ex­
pressed as 

A0(z,t) = f(z) C(t), t > 0 

and 

A0(z,o) = 0, 

where f(z) is known and does not change with t ime, and C(t) is a rb i t ra ry 
but Laplace t ransformable. However, f(z), the z-dependent factor of A0, 
is allowed to be different from 0o(z). the steady-state heat flux for that 
channel. This fact may be utilized with some advantage in an experimen­
tal study. 

The s teady-state distributions of heat flux, velocity of the liquid, 
slip ra t io , and void fraction along the channel are assumed to be known 
through experimental observations or through some of the existing semi-
empir ica l computations. Surface frictional s t r e s ses are also considered 
to be obtainable empirically. 

All the variables considered, such as the void fraction, and veloci­
ty of the liquid, a re continuous and differentiable in time and space. 

The origin of the z-axis is at the bottom end of the channel, and z 
is positive upwards. 
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III. FUNDAMENTAL CONSERVATION EQUATIONS* 

The s y s t e m to be c o n s i d e r e d i s shown in F ig . 2. 

F ig . 2 

Con t ro l Vo lume 

112-379£ 

A. C o n s e r v a t i o n of M a s s 

Cons ide r an a r b i t r a r i l y s m a l l length Az of the channe l l o c a t e d 
z uni ts above the inlet . Le t A be the cons t an t a r e a of c r o s s s e c t i o n of 
the channel , and v the vo lume c o r r e s p o n d i n g to the l eng th Az; l e t the s u r ­
face a r e a be denoted by S. Let p be the dens i t y at any poin t in v, and V 
the ve loc i ty of the p a r t i c l e at tha t point. 

Conse rva t ion of m a s s m a y be s t a t ed a s . 

St / p dv + / + j pV • dS = 0. 
'S 

(1) 

B u t 

r /"Z+Az / /. 

J pdv = j I j pdAl dz. (2) 

Since t h e r e is no cont r ibu t ion f rom the z e r o v e l o c i t y a t the s ide w a l l s , 

J pY • dS = (J pV^ dA) - ( / pv^ dA) , (3) 

PVz dA 
'A / z + A z 

j PVzdA) , 

where Vz is the component of V in the p o s i t i v e z - d i r e c t i o n . 

Equat ion ( l ) m a y be w r i t t e n , a f te r d ividing th roughout by Az and 
taking the l imi t as Az a p p r o a c h e s z e r o , a s 

* 
Derivation of these equations is similar to that by J. E. Meyer.(9) 
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The assumption of separated flow leads to the following equations: 

j p dA = [pf( l -a) + PgtxJA; 

j p V z d A = [pfVf( l -a) + PgVgtt^A, 

(5) 

(6) 

where a is the void fraction, and the subscripts f and g refer to water and 

/ steam, respectively. Substituting the expressions for / p dA and 

/ pV^ dA from Eqs. (5) and (6) into Eq. (4) and dividing by A, one may 
"̂ A 

_s_ 
dt 

Pf(l - a ) + p„a PfVf(l - a ) + PgVga (7) 

B. Conservation of Energy 

The conservation of energy may be stated mathematically for the 
same volume v with no internal heat generation as follows: 

St 
/ pe dv + / pe V • dS = - / f • dS 

+ / (V • p)dS + j pV • C dv, 
S V 

where e, the internal energy per unit mas s , is given by 

e = h - (P/p) + J V^ 

(8) 

(9) 

where h is the enthalpy, P the static pressure .^p the density, V the mag­
nitude of V at any point in the control volume, tj/ the surface heat-flux 
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v e c t o r , p the force p e r uni t a r e a on the s u r f a c e of the c o n t r o l v o l u m e v, 
and C the body force v e c t o r p e r uni t m a s s . 

If 0 i s the hea t flux p e r uni t l ength of the channe l and g the a c ­
c e l e r a t i o n due to g rav i ty , Eq. (8), a f ter p e r f o r m i n g o p e r a t i o n s s i m i l a r to 
those leading to Eq. (4), b e c o m e s 

(10) 

The a s s u m p t i o n s m a d e in Eq, (lO) a r e that the h e a t conduc t ion in 
the pos i t ive z - d i r e c t i o n and the e n e r g y con t r i bu t ion f rom the p r e s s u r e and 
s h e a r fo rces ope ra t i ng on the s ide wal l a r e neg l ig ib le . F u r t h e r , only the 
e a r t h ' s g rav i ty con t r i bu t e s to the body f o r c e s . 

Subst i tu t ion for e f rom Eq. (9) into Eq. (lO) l e a d s to 

Uf. 
ft <^^' -Tt[J^ r '^V' dAJ + ^ j^J^ i PV, V̂  dAJ + g / PV, dA 

(11) 

Under the a s s u m p t i o n s that the p r e s s u r e does not v a r y wi th r e s p e c t 
to t i m e and that the kinet ic and po ten t ia l e n e r g y t e r m s have neg l ig ib le ef­
fec ts , the e x p r e s s i o n in b r a c k e t s on the r i g h t - h a n d s ide of Eq. ( l l ) m a y be 
neglec ted . Thus , 

Using the a s sumpt ion of s e p a r a t e d flow, one m a y w r i t e 

/ Ph dA = A p f h f ( l - a ) + p„h^a] (13) 
•^A 
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and 

j PV^hdA = A j^pfhfVf(l-a) + PghgVgttj, (14) 

Substitution of Eqs. (13) and (14) into Eq. (12) and division throughout by 
A yields 

Pfhf(l-a) + Pghg" + - ^ IPfhfVf(l-a) + PghgVgtt = 0 / A . (15) 

C. Conservation of Momentum 

_s_ 
St 

The equation for momentum balance for the length Az is written to 
express the incremental p r e s s u r e drop for this length. Integration along 
the entire channel would yield the channel p r e s su re drop to which the entry 
and exit drops may be. added. The resulting expression may be a constant 
in a forced-circulat ion system (see Ref. 1). In a natural-circulat ion sys­
tem, the p r e s s u r e drop around a closed circulation loop (a typical loop is 
indicated in Fig. 1) is equated to zero. This is one of the boundary 
conditions. 

The momentum balance for the control volume v may be stated as 

T- / pV dv + / (pV) "V • dS = / ^ dS + / pt" dv. (16) 
dt J^ 7g Jg J 

The p r e s s u r e drop is considered constant across any c ross section 
normal to the z-axis , that i s , P = P(z). Hence, the f irs t t e rm on the right-
hand side of Eq. (l6) may be writ ten as 

/ 
/>z+Az / \ /iz+Az 

? dS = -(PA)^+A^+ (PA)^ + j ^ P _ j d z - J l^j T d i j d z , 

(17) 

where WP is the total and dl the incremental wetted pe r imete r , and T the 
frictional force per unit of the wetted surface. Since the channel has con­
stant a rea of c ross section, dA/dz = 0. 

The second t e rm on the right-hand side of Eq. (16) represen ts the 
body force per unit mass of the control volume. If it is assumed that this 
force is due only to the ear th ' s gravity, one may write 
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pC dv = 
z+Az 

pg dA dz (18) 

Hence , the c o n s e r v a t i o n of m o m e n t u m e x p r e s s e d by Eq. (16), a f ter 
mak ing subs t i tu t ions th rough u s e of E q s . (17) and (18), d iv id ing t h roughou t 
by Az, and taking the l i m i t as Az t ends to z e r o , m a y be r e s t a t e d a s 

S t U ^ pV,dAj + ^̂  P V i dA 
S P T df - g 

W P {I ' ")• 
(19) 

The p r e s s u r e d rop p e r unit length due to s u r f a c e f r i c t i on of the wal l , 

T di, is e m p i r i c a l l y eva lua ted by a s s u m i n g the d r o p to be e n t i r e l y due 
WP 

to w a t e r . Speci f ica l ly , it is a s s u m e d that 

A 
' W P 

d i = KfV|, (20) 

w h e r e Kf is e m p i r i c a l l y obtained. (See Ref. 7 for an e x p e r i m e n t a l j u s t i f i ca ­
t ion for this type of eva lua t ion of the t w o - p h a s e f r i c t ion p r e s s u r e d rop . ) 

Again, the a s s u m p t i o n of s e p a r a t e d flow e n a b l e s one to w r i t e : 

P V , dA P f V f ( l - a ) + p V a (21) 

p V ; dA = A P f V | ( l - a ) + p via 

f p dA = A Pf(l - a ) + pa 

(22) 

(23) 

Upon subs t i tu t ion of Eqs . (20), (21), (22), and (23) into Eq. (19), and 
dividing throughout by A, one ob ta ins 

- 5 7 = KfVf + l^pfd . a) + pgajg + A ^PiViH - a) + p^Vgal + A L^v^d - a) + p^v^^ . 

(24) 



Equations (7), (15), and (24) give the nonstationary equations of conserva­
tion of mass , energy, and momentum in one-dimensional space. 

IV. DEVELOPMENT OF AN APPROXIMATION PROCESS FOR 
THE SOLUTION OF THE CONSERVATION EQUATIONS 

WRITTEN IN THE LINEARIZED PERTURBED FORM 

The response of the two-phase flow to small changes in the heat 
flux may be obtained from the solution of the l inearized perturbed form of 
the conservation equations about a steady operating point. With this in­
formation, one may also predict the stability of the system for small dis­
turbances. By utilizing the technique of small perturbations about some 
steady-state operating condition, the variables may be expressed as follows: 

0(z,t) = 0o(z) + A0(z,t); (25) 

Vf(z,t) = Vfo(z) + AVf(z,t); (26) 

a(z,t) = ao(z) + Aa(z,t), (27) 

where the first t e rm on the right-hand side of each equation is the steady-
state t e rm and the second t e rm is the perturbation in the corresponding 
variable. 

Let it be assumed that the velocity of steam may be expressed as 

Vg(z,t) = S(z)Vf(z,t), (28) 

where S(z) is the slip ratio along the channel and is assumed not to be a 
function of t ime for srnall perturbations in power. The value of S(z) is 
assumed to be available from steady-state information. 

A. Linearized Per turbed Form of the Conservation Equations 

By substituting Eqs. (25), (26), (27), and (28) into the conservation 
Eqs. (7), (15), and (24), performing a Laplace transfornnation in t ime, and 
eliminating the s teady-sta te , second-, and h igher -order t e r m s , the following 
is obtained: 

s ( p g - Pf)Aa + (^g^- ^ f ) ^ joo AVf + VfoAaJ + Pf - ^ 

dAVf ''f ris r 1 
; d7 %KAVf + VfoAaJ + Pf - g T ^ + ^ - P„|anAVf + V f „ n a | = u; (29) 
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i^Pghg-Pfhf^Aa+ Jspghg-Pfhfj ^^ 

aoAVf+VfoAa 

aoAVf+Vfott 

sAVf ds ^ r A 0 . 
A ' 

(30) 

SAP 
Sz 

Aa ZKfVfoAVf + g (|pg- Pf] 

+ s U a f s p g V f o - PfVfo] + AVf^SPgao-PfOoj + PfAVf 

^i:[^-{^'pgno-pMo) 

Vf(s^PgVf„ao- PfVf„ao]+ 2PfVf„AVf + 2A (31) 

In t h e s e equa t ions s i s the L a p l a c e t r a n s f o r m v a r i a b l e , and Aa, AVf, and 
A 0 a r e functions of z and s. E q u a t i o n s (29), (30), and (31) r e p r e s e n t the 
l i n e a r i z e d p e r t u r b e d f o r m of the c o n s e r v a t i o n e q u a t i o n s . It i s a s s u m e d 
tha t A0 m a y be e x p r e s s e d in the following fo rm: 

A0 = f(z)C(s) , (32) 

w h e r e f(z) i s cont inuous and d i f f e ren t i ab le and i s kno^S'n, and C(s ) i s the 
L a p l a c e t r a n s f o r m of C(t). 

The p e r t u r b a t i o n in 0 is a s s u m e d to o c c u r a t t i m e t = 0. 

Equa t ion (31) m a y be i n t e g r a t e d along the c h a n n e l to ob t a in the 
p e r t u r b e d p r e s s u r e d rop in the channe l to wh ich the p e r t u r b e d p r e s s u r e 
d rop at the in le t , exi t , and the d o w n c o m e r m a y be a d d e d to ob t a in the 
p e r t u r b e d p r e s s u r e d rop a r o u n d a c l o s e d loop wh ich i s e q u a t e d to z e r o . 
Th i s i s one of the bounda ry cond i t ions . The s e c o n d b o u n d a r y cond i t ion is 
that A a i s equal to z e r o at z = 0 for a l l t i m e t, b e c a u s e the i n l e t w a t e r is 
at s a t u r a t i o n t e m p e r a t u r e and hea t add i t ion beg ins only f r o m the in le t . 

The p r o b l e m now i s to solve E q s . (29) and (30) wi th the above 
bounda ry condi t ions to obta in Aa and AVf a s func t ions of both z and t for 
any a r b i t r a r y C(t). 

The p r o c e d u r e which sha l l be fol lowed i s to expand AVf and Aa in a 
s e r i e s of o r thogona l funct ions of the i n d e p e n d e n t s p a c e v a r i a b l e wi th the 
coeff ic ients as unknown funct ions of t i m e . T h e s e coe f f i c i en t s a r e then 
eva lua ted by the app l i ca t i on of the o r t h o g o n a l i t y cond i t ions and the e x i s t i n g 
bounda ry condi t ions . Al though m a n y func t ions a r e a v a i l a b l e , the L e g e n d r e 
po lynomia l s a p p e a r to be the m o s t c o n v e n i e n t for s e v e r a l r e a s o n s . 



F i r s t , a l i n e a r t r a n s f o r m a t i o n of the s p a c e v a r i a b l e f r o m z to x 
i s d e s i r e d , w h e r e 0 < z < L and x , S x £ Xjj the i n t e r v a l (xj, x^) i s the 
r e g i o n of o r t h o g o n a l i t y of the funct ion c h o s e n wi th a s i m p l e we igh t ing 
funct ion if p o s s i b l e . T h i s f a c i l i t a t e s the a p p l i c a t i o n of the o r t h o g o n a l i t y 
cond i t i ons and the p a r t i a l d i f f e r en t i a t i on wi th r e s p e c t to z in the con ­
s e r v a t i o n e q u a t i o n s . T h e r e f o r e , funct ions such as L a g u e r r e p o l y n o m i a l s 
•would not be i d e a l . 

Second ly , s i n c e a and Vf a r e qui te s m o o t h a long the channe l , the 
u s e of F o u r i e r S e r i e s e x p a n s i o n m a y not be eff ic ient . M o r e o v e r , the l o ­
ca t i on of the e x t r e m u m of a o r Vf a long the channe l wi l l invo lve the so lu ­
t ion of t r a n s c e n d e n t a l e q u a t i o n s , wh ich i s not a d e s i r a b l e f e a t u r e . 

C o n s i d e r i n g the above f a c t o r s , two s e t s of p o l y n o m i a l s , the 
L e g e n d r e and Radau , a p p e a r p r o m i s i n g . The R a d a u p o l y n o m i a l s , h o w e v e r , 
would give di f f icul ty s i n c e AVf i s not equa l to z e r o at the in l e t w h e r e a s 
Aa i s . Bu t for t h i s fact , the R a d a u p o l y n o m i a l s m i g h t be the m o s t eff icient . 
One i s led , t h e r e f o r e , to c o n s i d e r the L e g e n d r e p o l y n o m i a l s a s the m o s t 
d e s i r a b l e . It shou ld be no ted tha t t h e r e i s an a d v a n t a g e wi th the L e g e n d r e 
p o l y n o m i a l s in t h a t the we igh t ing funct ion i n t r o d u c e d for the o r t h o g o n a l i t y 
cond i t i ons i s uni ty . 

T h e fol lowing l i n e a r t r a n s f o r m a t i o n in z i s m a d e to obta in a 
v a r i a b l e x v a r y i n g f r o m -1 to +1 in o r d e r to apply the o r t h o g o n a l i t y 
c o n d i t i o n s : 

X = ^ - 1. (33) 

T h e n AVf and A a a r e e x p r e s s e d a s fo l lows : 

AVf = ao + ai P i (x) + a2 P2(x) + . . .; (34) 

Aa = bo + bi P i (x ) + b^ P2(x) + . . . . (35) 

With the c h a n g e of v a r i a b l e z to x a c c o r d i n g to Eq. (33), E q s . (29), 
(30), and (31) a r e mod i f i ed a s fo l lows: 

s y (pg- PijAa + (^PgS - Pf) ^ j aoAVf+ VfoAa 

sAVf d s r 1 , X 
^ Pi -bT^d^ Pg[Vf„Aa +a„AVfJ = 0; (36) 



7 iP<^^p 
PfhfJAa + ^pghgS- P f h f ] ^ [ a o A V f + V f „ A a j 

Pi'^i " s T + 3 ^ %^g [vf„Aa+aoAVf] = ^ f(x)C(s); (37) 
SAVf dS 

^^-^ LKfVfoAVf + y g (pg - Pf)Ac S 

•js r^VfoAa + ttoAVf] ^PgS - Pf] + PfAVfj 

• Y^ [^^Vfo (PgS' - Pf) + 2Vfoa„ (pgS^ - Pf)AVf + 2pfVf„ AVf 

(38) 

The fact that A a = 0 at x = -1 is stated as follows: 

bo - bi + b2 - b3 + . . . = 0. (39) 

The steady-state quantities are expressed as 

Vf„ = Ao + AiPi(x) + A2P2(x) + . . .; (40) 

ao = Bo + BiPi(x) + B2P2(x) + . . .; (41) 

S = So + SiP,(x) + S2P2(x) + . . . , (42) 

where the coefficients are obtained through a curve-fitting procedure ap­
plied to the steady-state spatial variations of Vfj, ao and S by means of 
the min imum-mean-square -e r ro r cri terion. (10) The space-dependent part 
of A0, namely, f(z), is assumed to be expressed in the form 

f(z) = Co + CiPi(x) + C2P2(x) + . . ., (43) 

where Co, Cj, etc., are known. 

To obtain the transient solution desired, it is necessa ry to solve 
for Aa and AVf. This is accomplished by an approximation procedure. 

B. Procedure for the F i r s t -degree Approximation 

A f i rs t -degree approximation in z, and hence in x, may be made 
for AVf and Aa as follows: 



AVf = ao + aiP,(x); (44) 

Aa = bo + biPi(x). (45) 

The expressions for the steady-state quantities, and for AVf and Aa given 
by Eqs. (40) to (45) are substituted in Eqs. (36), (37), and (38). There are 
5 unknowns, namely, a.g, a,, bj, bj, and C. The two boundary conditions, 
and the integration of Eqs. (36) and (37) in x between the limits -1 and +1 
after they have been multiplied by Po(x) (orthogonality conditions) give r i se 
to 4 independent equations in the independent variable s. Hence, the ratios 
ao(s)/C(s), ai(s)/C(s), bo(s)/c(s), and bi(s) /c(s) may be readily evaluated 
as functions of s. These a re called the transfer functions. If C(s) is speci­
fied, the s dependence and hence the time dependence of ao, a;, bo, and bj 
may be obtained. It is to be noted here that C(s) becomes known when a 
par t icular perturbation in the heat flux, A0(z,t), is specified. 

C. Procedure for the Second-degree Approximation 

If a second-degree approximation in z is required, AVf and Aa are 
expressed as 

AVf = ao + aiPi(x) + a2P2(x) (46) 

and 

A a = bo + biPi(x) + b2P2(x). (47) 

It is readily observed that there are 7 unknowns. The boundary 
conditions yield 2 independent equations. Fur ther , each of the Eqs. (36) 
and (37) are multiplied by Po(x) and Pi(x), and integrated over x between 
-1 and +1 (orthogonality conditions) to generate 4 more independent equa­
tions. Therefore, the rat ios ao/C, a j / c , a2/C, bo/C, b i /C, and b2/C may 
be evaluated. 

One may thus readily proceed to approximations of higher degree 
for AVf and Aa in the above systematic manner. A detailed il lustration of 
this approximation procedure is given in Appendix A. 

At this point, two very important resul ts which follow directly from 
the present method a re obtained. 

D. Oscil latory Nature of the Solution for Aa in Space 

F rom the solution Aa(x,s) one may locate the point Xni(s) at which 
Aa(x,s) is an extremum. This may be demonstrated for a second-degree 
approximation as follows. F rom Eq. (47) we find that 
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^ ^ 1 ^ = b, ± P,(x) + b " 
r^x d x ^ dx 

(x) 

= b 
d / , , d 

T ( 3 x ^ - 1 ) 

b, + 3b ,x . (48) 

To find the loca t ion of the e x t r e m u m of Aa a long the c h a n n e l , one 
m a y equa te S A a / S x to z e r o ; we t h e r e b y ob ta in 

b i ( s ) / 3 b 2 ( s ) . (49) 

One m a y infer f rom Eq. (49) that the l o c a t i o n of the e x t r e m u m of the t r a n ­
s i en t void f r ac t ion m a y , in g e n e r a l , v a r y d u r i n g t r a n s i e n t s . H e n c e , it m a y 
be conc luded that the spa t i a l d i s t r i b u t i o n of Aa a l s o u n d e r g o e s s p a t i a l o s c i l ­
l a t i o n s . Such an o s c i l l a t o r y n a t u r e of A a canno t be ob ta ined by a l i n e a r 
s p a t i a l a p p r o x i m a t i o n of Aa, but only by a s e c o n d - o r h i g h e r - d e g r e e a p ­
p r o x i m a t i o n . The need for the p r e s e n t m e t h o d thus b e c o m e s ev iden t . 

E. Void R e a c t i v i t y F e e d b a c k 

In a boi l ing w a t e r r e a c t o r , r e a c t i v i t y f eedback o c c u r s due to the 
f o r m a t i o n of s t e a m bubb les in the coo lan t c h a n n e l s . In a t r a n s f e r - f u n c t i o n 
a n a l y s i s of the s y s t e m , knowledge about the f eedback t r a n s f e r funct ion 
r e s u l t i n g f rom the t r a n s i e n t void f o r m a t i o n in the c h a n n e l s i s n e c e s s a r y . 

The p r e s e n t a p p r o x i m a t i o n p r o c e d u r e e n a b l e s one to ob ta in Aa(z,s) 
g iven A0(z ,s) in any channel . 

Given T](z), the r e a c t i v i t y w o r t h of void a long the c h a n n e l , one m a y 
eva lua te the r e a c t i v i t y feedback AKfi-,(s) due to tha t c h a n n e l as fo l lows : 

AKfb(s) 
/ ' 

Aa(z,s)T](z) dz (50) 

This kind of eva lua t ion w a s not p o s s i b l e in the p a s t a p p r o a c h e s 
except n u m e r i c a l l y , b e c a u s e A a ( z , s ) w a s not known a n a l y t i c a l l y . In m a n y 
i n s t a n c e s in the p a s t , AKfb(s) w a s c o m p u t e d f r o m the knowledge of Aa(s), 
the a v e r a g e of Aa(z , s ) , and r), the a v e r a g e of -n(z) a long z a s 

A K •fb( LT)Aa(s). (51) 

The following e x a m p l e i l l u s t r a t e s the i n a d e q u a c y of the p r e v i o u s 
method . The e r r o r i n t r o d u c e d in AKfb(s) by the p r e v i o u s m e t h o d would . 



of c o u r s e , v a r y wi th the z - d e p e n d e n c e of Aa(z, t ) and T)(z). Us ing the t r a n s ­
f o r m a t i o n of z to X def ined by Eq. (33), and expanding Aa(z,t) and T)(z) in 
a s e r i e s of L e g e n d r e p o l y n o m i a l s , we ob ta in 

T)(x) = 7o + 7 lP l (x ) + 72P2(x) + . . ., 

where 7o, 7;, 72, etc., are known constants and 

Aa(x,s) = bo(s) + bi(s) Pi(x) + b2(s) P2(x) + 

Thus Aa(s) = bo(s); and T) = 7o. 

U s i n g the p r e s e n t m e t h o d , we find 

/- + ! L 
AKfij(s) = / Aa(x,s)T](x) - dx 

=u:t bo + b iP i (x ) + b2P2(x) + 

7 o + 7 iP i (x ) + 72P2 

[̂bo" 

(x) + . . .1 dx 

, b i 7 i b272 ^ 
= L | b „ 7 o + - ^ + - 5 — + 

(52) 

(53) 

(54) 

(55) 

A c c o r d i n g to the p r e v i o u s m e t h o d , 

AKfb(s) = LAa(s)Ti" = Lbo7o. 

C o m p a r i s o n of E q s . (54) and (55) i l l u s t r a t e s the p o s s i b i l i t y of e r r o r 
in the e s t i m a t i o n of AKfb(s) by the p r e v i o u s me thod . 

The t r a n s f e r funct ion AKfb(s ) /C(s ) m a y be w r i t t e n by u s e of Eq. (54) 

AKfb(s) bo(s) L 7 i bi(s) L72 h^j^ 

C(s) = ^^° C ( s ) + 3 C ( s ) ^ 5 C(s) 
(56) 

The r i g h t - h a n d s ide of Eq. (56) h a s a c o m m o n d e n o m i n a t o r | A ( S ) | a c c o r d ­
ing to Eq. (A-34a) of Appendix A. T h e r e f o r e , AKfb(s ) /C(s ) m a y be r e a d i l y 
c o m p u t e d to obta in the feedback r e a c t i v i t y t r a n s f e r function due to one 
channe l . The o t h e r c h a n n e l s m a y a l s o be t r e a t e d s i m i l a r l y , and the r e s u l t s 
a r e added to ob ta in the o v e r a l l r e a c t i v i t y f eedback t r a n s f e r function of the 
e n t i r e r e a c t o r . In m a n y c a s e s , it i s enough to d iv ide the c o r e into 2 or 
3 r e g i o n s and a s s i g n j u s t one A 0(z ,s ) for each r eg ion . All t he coo lan t 
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channels in that region would then be associated with a single A0(z,s). In 
this way, when there are many coolant channels in a core, AKfb(s) for all 
those many channels need not be calculated separately. The number of 
regions would, of course, depend upon the spatial distribution of heat flux 
and the required accuracy of the result. 

It is assumed in the above that C(s) is common to all the channels. 
In other words, the change in the heat flux occurs simultaneously in all 
channels. This is true only if the change in the heat flux corresponding 
to a change in the thermal neutron flux in the reactor is delayed equally 
for all channels. This delay is due to the time taken for the heat to flow 
through the fuel element, cladding, etc. 
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V. DEMONSTRATION OF CONVERGENCE 

The method of se r ies approximation developed in the previous sec­
tion is useful only if the se r ies converges fast enough for pract ical appli­
cation. It is necessary , therefore, to demonstrate convergence, although 
an absolute proof of convergence is not available at the present t ime. One 
may note that it is necessary that the solution converge in both space and 
t ime. 

The following is chosen as an example of the system (FPS system 
of units is used). A natural-circulat ion loop with a single-heated channel, 
and a doAvncomer is considered. The channel has a diameter of 1 in. and 
is 4 ft long. The downcomer has a diameter of 6 in. and is 4 ft long. The 
steady-state condition is specified by the conditions 

Vf„ = 5.65 + 2.25 Pi(x); 

ao = 0.325 + 0.325 Pi(x); 

S = 1.8. 

The above simple space dependence of the steady state is chosen 
to i l lustrate the fact that the z dependence of the t ransients may be very 
different from that of the steady state. 

The perturbation in heat is described below. We take 

f(z) = 1. 

C(t) is a unit step function, so that 

C(s) = l / s . 

A. Convergence of the Major Pole Locations 

To demonstrate convergence in t ime, the transfer function ao(s)/C(s) 
is considered. Table I gives the pole locations for the various approxima­
tions of ao(s)/C(s). Table I clearly shows that the pole positions converge. 
The major poles have converged to approximately -3.77 ± j5.35. The 
h igher -order approximations introduce poles whose real parts a re consid­
erably more negative than that of the major poles. It is found that the 
res idues of all the poles have the same order of magnitude. Therefore, 
the t ime response is essentially dictated by the major poles. 
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Tab le I 

P O L E LOCATIONS 

D e g r e e 
of 

A p p r o x i m a t i o n 

1 

2 

3 

4 

5 

N u m b e r 
of 

P o l e s 

2 

3 

4 

5 

6 

L o c a t i o n s of P o l e s : a + jCD* 

-3 .451 ± J3 .141 

-3 .501 ± J5 .010; - 8 . 011 

-3 .758 ± J5.401-, -9 .8 ± J5.672 

-3 .771 ± J5 .350; -10 .40 ± J12 .38 ; 
- 13 .78 

-3 .770 ± J5 .349; -9 .90 ± J14 .325 
- 1 7 . 3 ; - 2 2 . 0 7 7 

* a h a s the unit of s e c " . 
O) h a s the unit of r a d / s e c . 

B . C o n v e r g e n c e of the R e s i d u e of a Majo r P o l e 

The c o n v e r g e n c e of the r e s i d u e of one of the m a j o r po le p a i r s (the 
r e s i d u e of the second is the c o m p l e x conjugate of the f i r s t ) i s i l l u s t r a t e d 
in Tab le II. 

Tab le II 

RESIDUES O F THE MAJOR P O L E S 

D e g r e e 
of 

A p p r o x i m a t i o n 

1 
2 
3 
4 
5 

R e s i d u e of the M a j o r P o l e s 

Magn i tude 

0.83 
1.406 
2.13 
2.208 
2.21 

P h a s e A n g l e , deg 

±244.7 
±215.5 
±205 
±207.3 
±206.7 

'^- C o n v e r g e n c e of the In i t i a l and F i n a l V a l u e s of R e s p o n s e for a Step 
I n c r e a s e in Heat F l u x 

The in i t i a l and final v a l u e s of ao(t) for t he p e r t u r b e d h e a t input 
speci f ied before is g iven for the v a r i o u s a p p r o x i m a t i o n s in T a b l e III . The 
c o n v e r g e n c e is obv ious . T h i s c o m p l e t e s the d e m o n s t r a t i o n of c o n v e r g e n c e 
of ao in t i m e . 
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Table III 

ESTIMATION OF THE INITIAL AND FINAL VALUES 

Degree of 
Approximation 

1 
2 
3 
4 
5 

Initial Value 
of ao 

0.0382 
0.0391 
0.0386 
0.03856 
0.03855 

Final Value 
of ao 

0.1429 
0.2420 
0.2441 
0.2456 
0.2458 

D. Convergence in Space 

Convergence in space may be demonstrated only by showing that 
the space distributions of Aa and AVf approach a part icular shape at any 
part icular instant since the spatial variation also changes with t ime. The 
magnitude of such a project does not make it feasible. Therefore, con­
vergence ^vill be demonstrated only for one point in space and t ime, 
namely, the location of the extremum of Aa after the t ransients due to a 
step increase in heat flux have decayed. This is shown in Table IV. 

Table IV 

LOCATION OF THE EXTREMUM OF A a 
ALONG THE CHANNEL AFTER 
TRANSIENTS HAVE DECAYED 

Degree of 
Approximation 

1 
2 
3 
4 
5 

Location of 
Aa Max-steady State, 

ft above the Inlet 

l.OL 
0.683L 
0.623L 
0.614L 
0.616L 
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VI. A P P L I C A T I O N TO S P E C I F I C P R O B L E M S 

S e v e r a l i m p o r t a n t ques t ions connec t ed with the d y n a m i c s of t w o -
p h a s e flow t h r o u g h hea t ed boi l ing c h a n n e l s a r e now c o n s i d e r e d . In m a n y 
i n s t a n c e s , e x p e r i m e n t a l da ta and d i g i t a l - c o m p u t e r so lu t i ons a r e a v a i l a b l e 
to c o m p a r e with the so lu t ions p r e d i c t e d by the p r e s e n t a n a l y t i c a l a p p r o a c h . 

A. Dependence of Stabi l i ty upon S t e a d y - s t a t e Condi t ions 

It is found for s m a l l p e r t u r b a t i o n s tha t the s t ab i l i t y and t r a n s i e n t 
behav io r of a s i n g l e - c h a n n e l n a t u r a l - c i r c u l a t i o n loop depend upon the 
s t e a d y - s t a t e d i s t r i b u t i o n s of ve loc i ty and void f r ac t i o n along the channe l . (6 .11 
One may note that t he se in t u rn ma in ly depend upon the to ta l h e a t flux of the 
channel and the f o r m in which hea t is d i s t r i b u t e d a long the c h a n n e l . F o r any 
given s t e a d y - s t a t e hea t d i s t r i b u t i o n the c o r r e s p o n d i n g d i s t r i b u t i o n s of the 
void f r ac t ion ao(z), ve loc i ty of w a t e r Vfo(z), and the s l ip r a t i o S(z) c a n be 
obta ined us ing the d ig i ta l c o m p u t e r p r o g r a m " C H O P P E D . " ( ^ 2) The p a r ­
t i c u l a r s t e a d y - s t a t e condi t ion that wi l l be c o n s i d e r e d is for a p r e s s u r e of 
600 psig and inlet wa t e r a t s a t u r a t i o n t e m p e r a t u r e . 

The function ao(z ) , Vfo(z), and S(z) w e r e c o m p u t e d for the channe l 
a t 3 d i f ferent s t e a d y - s t a t e hea t f luxes , n a m e l y , 20 and 80 k w / l i t e r ( the 
i n t e r n a l vo lume of the channel) d i s t r i b u t e d un i fo rmly , and 80 k W / l i t e r 
d i s t r i b u t e d l i n e a r l y ( z e r o at the in le t ) . F i g u r e s 3a, b , and c i l l u s t r a t e 
the c o r r e s p o n d i n g s t e a d y - s t a t e cond i t ions . The coef f ic ien ts of the L e g e n d r e 
po lynomia l s used to fit the c u r v e s ' l ^ ' in F i g s . 3a, b , and c a r e g iven in 
Table V. 

It is found that the solut ion conve rged r e a s o n a b l y wel l by the t h i r d -
d e g r e e a p p r o x i m a t i o n in z. The loca t ions of the m a j o r po l e s tha t d i c t a t e 
the s tab i l i ty and t r a n s i e n t behav io r c o r r e s p o n d i n g to the t h r e e d i f fe ren t 
s t eady- s t a t e condi t ions a r e ind ica ted on F i g . 4. 
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Fig . 3a. Var ia t ion of Void F r a c t i o n 
along a Channel 

F i g . 3b. V a r i a t i o n of Veloc i ty of 
Wa te r a long a Channe l 
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Fig. 3c 

Variation of Slip Ratio 
along a Channel 
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Table V 

COEFFICIENTS OF LEGENDRE POLYNOMIALS 

V a r i a b l e 

oto^x) 
F i g . 3 a 

Vfo(x) 

F i g . 3 b 

S (x ) 

F i g . 3c 

C o e f f i c i e n t 

Bo 
B i 

B2 

Ao 
A l 

A2 

So 
Si 

80 k W / l i t e r , 

U n i f o r m 

0 . 2 8 

0 . 2 5 
- 0 . 1 0 

6 . 0 1 

2 . 0 2 

- 0 . 3 1 

1.80 

0 . 5 0 

80 k w / l i t e r . 

L i n e a r 

0 . 2 9 

0 . 2 9 
0 

4 . 9 0 

1.81 

0 

1.6 

0 . 6 

20 k w / l i t e r . 

U n i f o r m 

0 . 1 8 

0 . 1 8 

0 

4 . 4 0 

0 . 7 1 

0 

1.25 

0 . 1 0 

Fig. 4 

Variation of Major Pole Loca­
tions with Channel Heat Flux 
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One m a y infer f r o m F i g . 4 tha t the s t ab i l i t y in the c a s e of l i n e a r 
d i s t r i b u t i o n of hea t i s m o r e than tha t in the c a s e of u n i f o r m d i s t r i b u t i o n 
of the s a m e 80 k W / l i t e r of to ta l hea t flux. It m a y be o b s e r v e d f r o m 
F i g . 3a that t h e r e i s m o r e void ( i . e . , m o r e s t e a m ) a long m o s t of the c h a n ­
nel in the l a t t e r c a s e . Th i s may be one of the r e a s o n s why the l a t t e r i s 
l e s s s t a b l e . F r o m F ig . 4 it is a l s o c l e a r tha t the s t ab i l i t y in the c a s e of 
20 k W / l i t e r d i s t r i b u t e d un i fo rmly is m o r e than tha t in e i t h e r of the two 
c a s e s men t ioned above . T h i s , indeed , i s in a g r e e m e n t wi th the p r e s e n t 
bel ief that i n c r e a s e in power input does m a k e the c h a n n e l l e s s s t a b l e . 
Howeve r , it should be noted that th i s i s not a lways t r u e , b e c a u s e of the 
fact tha t the d i s t r i b u t i o n of hea t a long the channe l a l s o in f luences s t ab i l i t y . 

It has been a u s u a l a s s u m p t i o n in p a s t a p p r o a c h e s tha t the s l ip 
r a t i o i s a cons t an t a l l along the channe l . The p r e s e n t m e t h o d t a k e s the 

z - v a r i a t i o n of the s l ip r a t i o into accoun t . The 
m a j o r pole loca t ions for the c a s e of 80 k W / 
l i t e r of hea t d i s t r i b u t e d u n i f o r m l y a r e p lo t ted 
in F ig . 5, along with those ob ta ined by n e g l e c t ­
ing jus t the z - v a r i a t i o n of the s l ip r a t i o . One 
may r e a d i l y o b s e r v e f r o m th i s f igu re tha t the 
e r r o r i n t roduced in the p r e d i c t i o n of s t ab i l i t y 
with the a s s u m p t i o n of a c o n s t a n t s l i p r a t i o i s 
s m a l l for each a p p r o x i m a t i o n , p r o v i d e d the 
a v e r a g e value of the s l ip r a t i o is t a k e n a s the 
cons tan t value in the m a s s and e n e r g y b a l a n c e 
E q s . (14) and (16). 
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B . E f f e c t of C h a n n e l L e n g t h u p o n D y n a m i c 

B e h a v i o r 

Fig. 5. Major Pole Locations 
Corresponding to Var­
ious Approximations 

T o s t u d y t h e e f f e c t of c h a n n e l l e n g t h 

u p o n d y n a m i c b e h a v i o r , t h r e e d i f f e r e n t l e n g t h s , 

n a m e l y , L = 2, 3, a n d 4 ft , of a n a t u r a l -

c i r c u l a t i o n l o o p w e r e c o n s i d e r e d . I t w a s a s ­

s u m e d t h a t t h e s t e a d y - s t a t e d i s t r i b u t i o n s of 

v o i d f r a c t i o n , v e l o c i t y , a n d t h e s l i p r a t i o w e r e 

i d e n t i c a l i n e a c h c a s e . ( T h i s , of c o u r s e , i m ­

p l i e s t h a t t h e c h a n n e l s h a v e d i f f e r e n t s t e a d y -

s t a t e h e a t f l u x d i s t r i b u t i o n s . ) T h e v a l u e s of A^, A j , Bo, B j , e t c . , w e r e 
o b t a i n e d f r o m T a b l e V, c o r r e s p o n d i n g t o a c h a n n e l , 4 ft l o n g , w i t h a u n i ­
f o r m h e a t f l u x of 80 k w / l i t e r . 

T h e m a j o r p o l e l o c a t i o n s f o r e a c h of t h e a b o v e c a s e s ( t h i r d d e g r e e 
a p p r o x i m a t i o n i n z) a r e p l o t t e d i n F i g . 6. I t i s e v i d e n t t h a t a n i n c r e a s e i n 
l e n g t h m a k e s t h e s y s t e m l e s s s t a b l e . T h i s c o n c l u s i o n i s i n a g r e e m e n t w i t h 
t h e e x p e r i m e n t a l o b s e r v a t i o n s of M e y e r e t a l . ( 2 ) 
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Fig. 6 

Effect of Channel Length 
on Major Pole Locations 

C. Prediction of the Steady State after the Transients 

Example 1: The transfer function, A a (x,s) /c(s) may be utilized to 
predict the steady value of the perturbation in the void fraction at any point 
along the channel after the transients have died out. The system considered 
here is the same as that in Pa r t A of this section. Eighty kw/ l i te r of heat 
were assumed to be distributed uniformly along the channel. The perturba­
tion also was taken to be uniform in z and to be a step function in time. 
Therefore, A0had the form 

A0(x,s) o(lA). 

The steady value of the perturbation in the void fraction at the exit 
may be obtained by applying the final value theorem to the transfer function 
Aa(l ,s) /C(s) as given below: 

Aa(l,t) s C 
t=oo 

/ A a ( l , s ) \ 
I C(s)y' 

A a ( l , s ) 
C(s) 
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If a t h i r d - o r d e r a p p r o x i m a t i o n is u s e d , one m a y w r i t e 

A a ( l , t ) 
bo(s) , b , (s) , b2(s) b3(s) 
•C(iy ^ C(s) "" C(s) C(s) 

The t r a n s f e r functions bo(s ) /C(s ) , e t c . , a r e given in Append ix A. 

F o r the s teady s ta te A a at the exi t was c a l c u l a t e d for a p e r t u r b a ­
t ion of -1-30 k w / l i t e r of to ta l hea t flux (un i fo rm in z) . T h i s was a l s o o b ­
ta ined f rom the s t e a d y - s t a t e compu ta t i ons a s s u m i n g the to ta l h e a t flux a t 

110 and 80 k W / l i t e r , and s u b t r a c t ­
ing the exi t void f r ac t i o n a t 80 k w / 
l i t e r f rom tha t for 110 k w / l i t e r . 

I The p r e s e n t m e t h o d gave a va lue of 
- 0.09, and the r e s u l t s of the s t e a d y -
• s t a t e compu ta t i on gave 0.07 for A a . 
I Th is d i s c r e p a n c y is ma in ly due to 
5 the n o n l i n e a r i t y in the exi t void f r a c -
1 t ion. F i g u r e 7 shows the v a r i a t i o n 

of the s t e a d y - s t a t e exi t void f rac t ion 
with power . If a l i n e a r e x t r a p o l a t i o n 
in a i s m a d e at 80 k W / l i t e r to obtain 

112-3797 Aa be tween 80 and 110 k w / l i t e r , one 
m a y r e a d i l y see tha t the e x t r a p o l a t e d 

F ig . 7. Var i a t ion of Ex i t Void r e s u l t is bound to be m o r e than the 
F r a c t i o n and Inlet Ve- ac tua l , c o n s i d e r i n g the l a r g e s i ze of 
loci ty with Heat F lux the p e r t u r b a t i o n . 

As the p e r t u r b a t i o n of the hea t input in the above e x a m p l e was 
r a t h e r l a r g e , a second exannple was c o n s i d e r e d in vi^hich a s m a l l e r va lue 
for the pe r tu rba t i on , only 10 k W / l i t e r , v/as taken . P e r t u r b a t i o n in the exi t 
void f rac t ion was ca l cu l a t ed for -HO and -10 k w / l i t e r by the p r e s e n t m e t h ­
od to obtain that be tween 70 and 90 k w / l i t e r . This p e r t u r b a t i o n was a l so 
obta ined f rom the s t e a d y - s t a t e in fo rma t ion in F ig . 7. The v a l u e s obta ined 
for Aa w e r e , r e s p e c t i v e l y , 0.06 and 0.05. 

At th is point, one may note that the s t e a d y - s t a t e d i s t r i b u t i o n s of 
a, V^, and S along the channel a r e e x p r e s s e d t h r o u g h the coef f ic ien t s Ag, 
Al, BQ, B J , e t c . , obta ined th rough a c u r v e - f i t t i n g p r o c e d u r e as m e n t i o n e d 
be fo re . An exact fitting is i m p o s s i b l e with a l i m i t e d n u m b e r of o r t hogona l 
po lynomia l s , and some e r r o r t h e r e f o r e is i n t r o d u c e d . F u r t h e r , the s t e a d y -
s ta te computa t ions a r e s e m i - e m p i r i c a l . C o n s i d e r i n g t h e s e f ac t s , one may 
conclude that the s m a l l d i s c r e p a n c i e s in Aa in the above e x a m p l e s a r e 
quite r e a s o n a b l e . 
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Example 2: The transfer function AV,(x,s)/c(s) may be used to 
evaluate the steady-state perturbation of the circulation velocity (inlet ve­
locity). The system considered was the same as in Example 1. 

Figure 7 i l lus t ra tes the variation of the circulation velocity with 
power. Such a variation has been observed in many past experiments.(3,6) 
Consideration of the bigger nonlinearity of this curve led to the choice of 
a small value for CQ, namely, -HO kW/li ter . 

At 80 kw/ l i t e r of heat input, the curve is almost flat. The small 
slope is negative. The steady-state perturbation in the circulation velocity 
corresponding to the above perturbation in the input was found to be 
-0.04 f t / sec . The predicted value due to the transfer-function method was 
-0.01 f t / sec . Because the magnitude of the velocity perturbation at this 
power is so small , the inherent e r r o r s make any comparison between the 
two values meaningless. 

At 20 kW/li ter , the curve has a finite slope. Figure 7 gives the 
value of the perturbation at this power as -1-0.23 ft/sec; the predicted value 
was -1-0.25 f t /sec . 

D. Effect of P r e s s u r e Drops in the Downcomer and at the Inlet to the Chan­
nel on Stability 

The stability of the single-channel system described in Par t A of 
this section, with a heat flux of 80 kw/ l i t e r distributed uniformly, was in­
vestigated with the following modifications. 

1. The acceleration pressure drop in the downcomer was increased 
to 50 s(ao- aj -faj - aj). This may be done by suitably increasing its length or 
decreasing its diameter (see Appendix A). 

2. The perturbed pressure drop at the inlet was increased to 
200(ao - ai -l-a2%a3), by introducing a constriction before the inlet (see 
Appendix A). 

Figure 8 gives the variation of the location of the major poles of 
the system due to the above additional p ressure losses in the momentum-
balance equation. It may be observed from this figure that presence of 
these p re s su re drops does increase the stability of the system. It has been 
observed in the past that increase in inlet drop leads to improvement of 
stability of steam boilers and test loops. The predicted effect of downcomer 
accelerat ion on stability is yet to be confirmed experimentally. 
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E. P a r a l l e l - c h a n n e l S y s t e m with a C o m m o n 
D o w n c o m e r 

A s y s t e m c o n s i s t i n g of two h e a t e d c h a n ­
n e l s , e ach 4 ft long and with a d i a m e t e r of 1 in . , 
o p e r a t i n g in p a r a l l e l with a c o m m o n d o w n c o m e r 
was c o n s i d e r e d . The d o w n c o m e r was a s s u m e d 
to have v a r i a b l e length and d i a m e t e r in o r d e r 
to p e r m i t v a r i a t i o n of the a c c e l e r a t i o n p r e s ­
s u r e d r o p in i t . A c o n s t r i c t i o n m a y be i n t r o ­
duced at the bo t tom of the d o w n c o m e r in o r d e r 
to i n c r e a s e flow r e s i s t a n c e . Th i s s y s t e m 
was s tudied in o r d e r to u n d e r s t a n d the effect 
of coupling be tween the flows in the two c h a n ­
nels due to the p r e s e n c e of a c o m m o n 
d o w n c o m e r . 

Fig. 8. Major Pole Locations 
for the Effect of Ex­
ternal Pressure Drops 
on Flow Stability 

To obtain the t r a n s i e n t b e h a v i o r of a and 
V,, one has to solve the c o n s e r v a t i o n e q u a ­
t ions pe r t i nen t to both the c h a n n e l s s i m u l t a n ­
eous ly . The unknowns: ao, a^, bo, b p e t c . , 
c o r r e s p o n d i n g to both channe l s a p p e a r in the 
m o m e n t u m - b a l a n c e equa t ions due to the c o m ­
mon downcomer . 

The s y s t e m c o n s i d e r e d ^vas in many r e s p e c t s s i m i l a r to an R L C 
e l e c t r i c a l ne twork with two c u r r e n t pa ths having m u t u a l i m p e d a n c e ( m u ­
tual r e s i s t a n c e and induc tance) . 

It was a s s u m e d that the p e r t u r b a t i o n s in the hea t f luxes of the two 
channe l s w e r e in phase . However , the z - v a r i a t i o n of A0 need not be the 
s a m e along the two c h a n n e l s . The z - v a r i a t i o n of 0o m a y a l s o be d i f ferent 
f rom that of A0 along the channe l s . However , in the spec i f ic s y s t e m con­
s i d e r e d , the z - v a r i a t i o n of i and A 0 of each channe l was a s s u m e d to be 
un i fo rm. The total hea t f luxes w e r e t aken to be 80 k w / l i t e r for one chan ­
nel and 20 k w / l i t e r for the o the r in the s teady s t a t e . 

F i g u r e 9 shows the loca t ions of the m a j o r po les when the coupl ing 
was chosen to be s m a l l ( c o r r e s p o n d i n g to a d o w n c o m e r l eng th of 4 ft and 
d i a m e t e r of 6 in . ) . T h e s e poles e s s e n t i a l l y co inc ide with t hose of the 
individual channe l s o p e r a t e d s e p a r a t e l y . One may say , t h e r e f o r e , tha t in 
the c a s e of a boil ing wa t e r r e a c t o r , if the d o w n c o m e r and the p e r t u r b a t i o n s 
of in le t p r e s s u r e d r o p a r e s m a l l , the coolan t c h a n n e l s m a y r e t a i n t h e i r 
individual c h a r a c t e r i s t i c s insofar a s the t r a n s i e n t flow is c o n c e r n e d . 

When the p r e s s u r e d rop due to a c c e l e r a t i o n in the d o w n c o m e r was 
i n c r e a s e d to 50 s(ao - a^i + a^ - R^ + af, - a[ + a'^ - a!,)* and that a t the c o n s t r i c t i o n 

Primed symbols correspond to the unknown coefficients of the second channel and the unprimed symbols 
to those of the first. 
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increased to make the total friction p ressure drop (perturbed) in it equal 
to 200(ao - aj + a.^- a^^ + aj^ - a[ + a^ - a.'^), the coupling between the two chan­
nels was increased. The coupling due to the former pressure drop is called 
"accelerat ion coupling," that due to the latter "friction coupling." The reader 
is refer red to Appendix A where the equations are shown in detail. 

One may observe the shifting of the poles due to each of the above 
modifications in the downcomer p ressure drop in Figs. 9 and 10. From 
this one may conclude that the dynamic behavior of the two channels are 
s imilar to that of the electr ical network. 
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Fig. 9. Major Pole Locations with and 
without Friction Coupling 

112-3795 

Fig. 10. Major Pole Locations with and 
without Acceleration Coupling 

VII. DISCUSSION AND CONCLUSION 

An i m p o r t a n t o b s e r v a t i o n due to the p r e s e n t me thod of so lu t ion of 
the l i n e a r i z e d p e r t u r b e d f o r m of the c o n s e r v a t i o n equa t ions i s tha t du r ing 
t r a n s i e n t s , the z - d e p e n d e n c e of both void f r ac t i on and ve loc i ty is n o n s t a ­
t i o n a r y . The t r a n s i e n t void f r a c t i o n u n d e r g o e s d a m p e d s p a t i a l o s c i l l a t i o n s 
b e f o r e i t s s t e a d y - s t a t e d i s t r i b u t i o n a long the channe l is a t t a ined . Th i s 
n a t u r e of the so lu t ion was a l s o ob ta ined by J . E . M e y e r e t a l . , (2 .4 ) as a 
r e s u l t of so lv ing the equa t ions n u m e r i c a l l y . It was shown p r e v i o u s l y in 
Sec t i on IV tha t th i s c o n c l u s i o n is of s p e c i a l i m p o r t a n c e in boi l ing w a t e r 
n u c l e a r r e a c t o r s in tha t the s p a t i a l o s c i l l a t i o n s of the void f r ac t ion d i r e c t l y 
in f luence the t r a n s i e n t void r e a c t i v i t y . 
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Figure 5 and Tables I-IV show that a sizable difference exists be­
tween the solution obtained by the f i rs t -degree approximation (z-dependence 
of A a and AV, in the f irst-degree approximation is linear) and those by 
the second- or higher-degree approximations. One may also observe that 
the discrepancy is a maximum between the f i rs t- and the second-degree 
approximations, and that the higher-degree approximations converge. 
This may be explained by the fact that in the f i rs t -degree approximation, 
the form of the solution is considerably res t r ic ted. Fur ther , one may ex­
pect e r ro r in the time dependence of the solution when it is derived by 
forcing an erroneous preconceived form for its z-dependence. 

The study of the parallel-channel system in Section VI, E has led 
to the conclusion that in the case of a natural-circulat ion boiling water 
power reactor one may neglect the coupling between the channels and 
treat the stability of each channel individually. This is because in a r e ­
actor of usual design, the cross-sect ional area of the downcomer is large 
and its length nearly equals that of the channels; consequently, the accel­
eration and friction pressure drops in the downcomer are negligible. 

The dynamic behavior of two-phase flow in a channel having neg­
ligible coupling with the channels operating in paral lel is found to be es ­
sentially dictated by the steady-state distribution of void fraction and 
velocity of water along the channel. One may observe that a given total 
quantity of heat flux distributed in different forms along a channel e s ­
tablishes different steady-state conditions. Hence, the corresponding 
dynamic behaviors are also different. This was shown by the example 
in Section VI, A. 

Figure 6 indicates that the length of the channel strongly in­
fluences the dynamic behavior. For the same steady-state distribution 
of void fraction and velocity, the oscillations in a shorter channel are at 
higher frequencies than those in a longer channel. The damping factor 
decreases with length; consequently, one may conclude that the longer 
channels are more likely to be unstable. An experimental confirmation 
of this fact may be found in Ref. 2. 

It has been observed in the past that the introduction of a constr ic­
tion at the inlet to a channel, in order to increase the inlet p ressu re drop, 
has a tendency to stabilize the flow. A theoretical verification of this was 
found in Section VI, D. Further , the present analysis shows that the ac ­
celeration pressure drop in the downcomer also stabilizes the flow. In­
creased acceleration pressure drop in the downcomer may be achieved by 
increasing its length or by reducing its c ross -sec t iona l area , or both. An 
experimental confirmation of this predicted effect of accelerat ion pressure 
drop in the downcomer is desirable. 
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It is noted once again that the present approximation procedure is 
applicable to both natural - and forced-circulat ion sys tems. If in the latter 
case a constant p re s su re drop exists between the inlet and exit of the chan­
nels , one of the boundary conditions would then be that the sum of the per­
turbed p re s su re drops at the inlet, along the channel, and at the outlet is 
equal to zero . In the analysis of a natural-circulat ion system, however, 
the perturbed p re s su re drop in the downcomer also has to be taken into 
account. 

In the present analysis , the z-dependence of A0(z,t), the perturbed 
heat flux, is not r es t r i c t ed to be the same as that of 0o(z). the steady-state 
heat flux. This gives additional flexibility to the design of an experimental 
setup to study the t rans ients . 

Finally, it is s t ressed that although the several resul ts and con­
clusions obtained through the present analysis are valid only within the 
rea lm of the assumptions made in Section 11, they are applicable in many 
pract ical cases of in teres t . 

VIII. SUGGESTIONS FOR FUTURE WORK 

A. A System in Which Subcooling is Present 

In a boiler or a boiling water reactor , the makeup water introduced 
may be below saturation tempera ture . Therefore, the inlet water to the 
channels may be severa l degrees below saturation temperature . Conse­
quently, boiling does not occur right from the inlet, and a portion of the 
length of the channel may have subcooled liquid. 

The present analytical method cannot be applied directly in the 
presence of subcooling because the approximating expression for Aa be­
comes unreal is t ic . This is because OLQ and Aa are both equal to zero in 
the entire nonboiling portion of the channel. The ser ies approximation of 
Aa is applicable in the boiling portion of the channel. However, L, , the 
boiling length, becomes a function of time during t ransients and therefore 
would introduce another unknown in the equations. 

It is suggested that the more general case including subcooling be 
t reated analytically by writing the conservation equations involving a set 
of different unknowns, namely, the average density p(z,t) , the mixing cup 
enthalpy of the fluid, H(z,t), and the mass flow rate per unit flow area , 
G(z,t). The functions a(z, t) , V,(z,t), and Vg(z,t) may be indirectly obtained 
from the solutions for the new unknowns. 

The conservation equations which descr ibe the flow in a channel 
may be written as follows (these equations a re derived in detail by J. E. 
Meyer in Ref. 9): 



E n e r g y : 

M a s s : 

P S i l + G ^ = 0; (57) 

M o m e n t u m : 

In t h e s e e q u a t i o n s : 

4£ + | ^ = 0; (58) 
St bz 

^ , s 2) __ . | s . ^ ^ - g . (59) 
dt oz o z 2D 

1. S l ip- f low effects a r e r e p r e s e n t e d by u s e of the m a c r o s c o p i c 
quan t i t i e s p, v ' , and p", which a r e a s s u m e d to be funct ions of m i x i n g cup 
enthalpy H for a given p r e s s u r e and a r e e v a l u a t e d by s t e a d y - s t a t e 
e x p e r i m e n t s : 

P" = F i (H) ; (60) 

P = F2(H); (61) 

V' = F3(H). (62) 

2. All fluid p r o p e r t i e s a r e eva lua t ed a t s o m e r e f e r e n c e p r e s s u r e . 

T h e r e f o r e , in E q s . (57) to (59) the unknowns a r e only G(z, t) and 
H(z , t ) . 

The l i n e a r i z e d p e r t u r b e d f o r m of E q s . (57) and (58) m a y be 
w r i t t e n a f t e r subs t i t u t ing for p " and p f r o m E q s . (60) and (61) . The p e r ­
t u r b e d f o r m of Eq . (59) i s i n t e g r a t e d along the c h a n n e l to ob ta in the p e r ­
t u r b e d p r e s s u r e d r o p in the channe l . The p e r t u r b e d p r e s s u r e d r o p in the 
r e s t of the flow loop m a y be added to th i s and the r e s u l t e q u a t e d to z e r o 
to obta in one of the two bounda ry cond i t i ons . If the i n l e t w a t e r i s a s s u m e d 
to be a t c o n s t a n t t e m p e r a t u r e (not a v e r y r e s t r i c t i v e a s s u m p t i o n a t a l l ) , 
one m a y obta in the s econd bounda ry condi t ion : H = 0 a t z = 0 a t a l l t i m e s . 

The advan tage in mak ing H and G the unknowns is t ha t they 
would usua l ly be con t inuous funct ions of z even when subcoo l ing i s p r e s e n t . 
If i t i s f u r the r a s s u m e d tha t 

A0 = f(z)C(t), 
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where f(z) is known, then, in principle, the present approximation pro­
cedure can be applied directly to solve for AH(z,t) and AG(z,t), given any 
Laplace t ransformable C(t). The functions Aa(z , t ) , Ap(z,t), etc., may 
then be obtained through AH and AG. Using A H(z,t), one may also derive 
the time variation of the boiling length during small t ransients . 

B. Experimental P r o g r a m 

1. The effect of s teady-state heat-flux distributions along the 
channel discussed in Section VI, A needs further experimental confirma­
tion. This experiment may be facilitated by using the fact that in the 
present analysis the axial profiles of the steady-state and perturbed heat 
fluxes may be different. 

2. The effect of accelerat ion pressure drop in the downcomer 
(increasing accelerat ion p ressu re drop is equivalent to increasing inert ia 
to the fluid flow) has the effect of stabilizing the flow, as was shown in 
Section VI, D. This needs experimental confirmation. 

3. Until now it has been virtually impossible to measure r ea l i s ­
tically the amount of steam in a channel during t ransients . With the de­
velopment of the present method, it is only necessary to measure the 
value of a at any given location to verify the spatial distribution of a (z , t ) . 
Obtaining the total s team void is then a simple matter of integration of 
this function in z. Performing this experiment at various positions may 
be used to confirm the oscillatory nature of Aa(z,t) along the channel. 



Append ix A 

ILLUSTRATION O F THE TECHNIQUES IN THE 
A P P R O X I M A T I O N P R O C E D U R E * 

S i n g l e - c h a n n e l S y s t e m 

A s ingle hea t ed channe l with a d o w n c o m e r is f i r s t c o n s i d e r e d . No 
coupling effect due to the o the r channe l s o p e r a t i n g in p a r a l l e l i s a s s u m e d . 
After i l l u s t r a t i n g the a n a l y s i s of th i s s y s t e m , a s y s t e m with two h e a t e d 
channe l s ope ra t i ng in p a r a l l e l i s c o n s i d e r e d to show how one could an a l y ze 
if coupl ing e x i s t s be tween t h e m due to the c o m m o n d o w n c o m e r . 

Let the h e a t e d channe l have a c r o s s - s e c t i o n a l a r e a A and length L. 
The a r e a of c r o s s sec t ion of the d o w n c o m e r is t aken to be A^ and the 
length L. 

The l i n e a r i z e d p e r t u r b e d f o r m s of the c o n s e r v a t i o n equa t ions of m a s s 
ene rgy , and m o m e n t u m in the independen t v a r i a b l e s x and s a r e r e w r i t t e n 
a s follows: 

s l ^ ( p g - p f ) Aa-L ( p g S - Pf) ^ [aoAVf + Vfo Aa] 

SAVf HS 
+ Pf - 5 7 - + Pg-^^'^i"'^"-'^ o^oAVf] = 0; ( A - l ) 

s y ( P g h g - Pfhf) A a -h ( P g h g S - Pfhf) - ^ [ao AVf + VfoAa] 

+ Pfhf ' ^ + P g h ^ [VfoAa -f ttoAVf] 
dx s s dx 

= ^ f(x)C(s); (A-2) 

- ^ = LkfVfoAVf -I-y g ( p g - pf)Aa 

+ s Y t '̂̂ ^" ̂ "- ^ "•" ^Vf)( PgS - Pf) + Pf AVf] 

+ g^ [Vfo (PgS^- pf)A a -I- 2Vf„a„ (PgS^- pf) AVf + 2pfVfoAVf]. 

(A-3) 

C(s) i s a r b i t r a r y . 

*Appendix B contains some properties of Legendre polynomials which are used in the following. 
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Le t AVf and A a be a p p r o x i m a t e d to the t h i r d d e g r e e in x: 

AVf = ao + a i P i ( x ) -I- a2P2(x) -I- a3P3(x); (A-4) 

Aa = bo + b iP i (x ) + b2P2(x) + h,P,{yc). (A-5) 

The s t e a d y - s t a t e t e r m s a r e a s s u m e d to be a s fol lows: 

Vfo = Ao + AiP i (x ) -̂  A2P2(x); (A-6) 

a o = Bo + BiP i (x ) + B2P2(x); (A-7) 

S = So + S i P i ( x ) . (A-8) 

The s p a c e v a r i a t i o n of the p e r t u r b a t i o n in h e a t is g iven by 

f(x) = Co + CiPi(x) -̂  C2P2(x). (A-9) 

S o m e new c o n s t a n t s a r e def ined below: 

Pg - Pf = N, ; (A-10) 

PgSo-Pf = N4; ( A - l l ) 

Pghg - Pfhf = Mi; {A-12) 

PghgSo- Pfhf = M,. (A-13) 

E q u a t i o n s ( A - l ) and {A-2) a r e r e w r i t t e n a f te r i n t roduc ing the new c o n s t a n t s 
def ined in E q s . (A-10) to (A-13) , and subs t i t u t ing for S f r o m Eq. (A-8) : 

T N4 5 ^ Pf SAVf 

+ ^ ( a o A V f - ^ V f „ A a ) -̂  ^ x - g ^ (aoAVf-h Vf„A a) = 0; 

(A-14) 

T M4 a Pfhf SAVf 

+ - I T S — (ci„AVf-l-Vfo Aa) + . / x ^ - ( t t o AVf-I-Vfo Aa) = — f(x)C(s). 
Ml Ml dx ^A 

(A-15) 



Subtracting Eq. (A-14) from (A-15), 

Equations (A-14) and (A-16) are used as the mass and energy balance equa­
tions. Equation (A-3) is the momentum balance equation. 

It is observed that there are 9 unknowns, including C(s). Six independ­
ent equations are obtained by multiplying each of the Eqs. (A-14) and (A-16) 
by Po(x), Pi(x), and P2(x), respectively, and integrating over x between the 
limits -1 and -H (orthogonality conditions). The two boundary conditions, 
namely, the perturbed pressure drop around a closed hydraulic loop is zero, 
and Aa = 0 at X = -1 (that is, z = 0) yield two more independent equations. 
The eight equations thus obtained would enable one to evaluate the transfer 
functions ao(s)/c(s), a i (s) /c(s) , etc. 

The quantities (a o AVf-I-Vfo Aa), T— (a O AVf + Vfo Aa), and -— AVf are 
ox ox 

expressedbelow by means of the substitutions corresponding to Eqs. (A-4) to 
(A-9). This is done to apply the orthogonality conditions to Eqs. (A-14) and 
(A-16) conveniently. 

ao AVf + VfoAa = (aoB„ + Aobo)Po(x) + P,(x)(a„Bi + B„ai + A„bi + boA,) + P2(x)(a„B2 + B„a2 + Aobj + bcAj) 

+ PsCxXBoaj+Aobj) + - | p i ( x ) + 1 P3(x) (a iBi + B ia^+b iA^+Aib j ) 

+ [ I P2(x) + | p , ( x ) J ( B i a 3 + Aib3) + 1 ^ ^ ^ + | p 2 ( x ) J ( a , B , + b , A , ) 

+ I I Po(x) + I Pz(x) + i | P4(x)l (a iBi + b^A^) 

+ [^ PlW + Ys ^sW + I T PSWJ (B^aj+A^bj): (A-17) 

g ^ (aoAVf + VfoAa) = Po(x) (a„Bi + B„ai + A„b,+boAi) + 3P,(x) (a„B2 + Boa^ + b^A^ 

+ [Po{x) + 5P2(x)](B„a3+A„b3) + [P„(x) + 3P2(x)](a,B2 + Bia2+biA2-fAib2) 

+ [3P,(x) + 4P3(x)]{B,a3+Aib3) + 2P,{x)(a,Bi + b,Ai) 

+ \^ P,{x) + - y P3(x)j (ajBj + b^A,) + [P„(x) + ^ P,(x) + ^ P.(x)](B2a3+A3b3); 

(A-18) 
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> ' 5 ^ { a „ A V f + Vf„Aa) = P i (x) (a„B, + B„a,-f A„b, + bcA,) + [Po(x) + 2P2(x)](a<,B; + Bja^ + Ajb^ t b i A z ) 

+ [3Pi(x) + 3P3(x)](B„a3+At,b3) + | i ^ P , (x ) + | P3(x)| (a,B2 + B.a^ + biA; + Ajb^) 

+ [Po(x) + Y P 2 ( ' ' ) + y P4(x)J(B,a3 + A,b3) + r | p „ ( x ) + | p 2 ( x ) l ( a i B , + b , A , ) 

+ [ I Po(x) + ~ P2(x) + I I P , (x) j (a^B; + b^A^) 

+ [ 1 ^ Pl (x) + ^ P 3 ( x ) + i j P3(x)J(B2a3-hAjb3); { A - 1 9 ) 

^ AVf = Po{x)ai + 3Pi(x)a2 + [Po{x) + 5P2(x)]a3. (A-20) 

Multiplying Eqs. (A-14) and (A-16) by Po(x), integrating in x between the 
limits -1 and +1, and dividing the resulting equations by 2, these are 
obtained 

, N, , Pf , , 
s J b„ +-— (a„Bi+Boa , +A„b, +b»A.i + B^aj + Aob3 + AjBz + Bja^ t b j A j + Ajb^ + B^aj + Ajbj) + — (ai + a3) 

+ - ^ | a„B„+A„b„ + | ( a i B , + b i A , ) + - j (a jBj+biAz)! 

+ ^ ^ a„B2i-B„a2+Aob2 + b(A2+ Bia3+Aib3 + - ( a i B i + b , A i ) +-^ ( a j B j + b j A j ) ! = 0; ( A - 2 1 ) 

— 1 W o B i + Boa, +A„bi + b„Ai + Boa3 + A„b3 + aiB2 + Bjaj + biAj-f A,b2 + B^aj + A^bj) 
Ml Nj ' 

^(f-'-^)--3'^(4r^-^)^.h" + A„b„ + - ( a ,B , +b ,A, ) 

+ -- a2B2 + b iA; + (aoB2 + Boaj + A„b2 + boAj + Bja j + Aib3) 

+ I ( a , B , + b i A i ) + ^ ( a 2 B 2 + b2A2)J = 7 x C ( s ) . i f = . R . + b . A . w l ^ , , R , + b,A,i l = ^ C ( s ) . ( A - 2 2 ) 

Multiplying Eqs. (A-14) and (A-16) by Pi(x), integrating in x between the 
limits -1 and -H, and dividing the resulting equations by 2/3, we obtain 

b , + ^ r3(aoB2 + B„a2+Aob2+b„A2 + Bia3+Aib3) + 2{aiB, + b,A,) + i | {a2B2 + b2A2)J + ^ { 3 a 2 ) 

+ ? j £ i r a o B i + B „ a i + A „ b i + b „ A i + | {aiBj + Bia2 + biA2 + A,b2) + j g (B2a3 + A2b3) 
Nl L 

+ ^ J - i a o B , + B o a i + A „ b , + b „ A , + 3(B„a3+A„b3) 
Nl L 

+ 11 (a,B2 + Bia2+biA2+Aib2) + ~ (B2a3+A;b3)J = 0; (A-23) 



^ - ^ ) [3(aoB2 + B„a2+A„b2+b„A2 + B,a3+Aib3) + 2 ( a i B i + b i A i ) + i | (a2B2+b2A2)] +(~^ " j ; ^ ) ' ^ ^ ^ ) 

+ ( f | ^ - ^ ) s i | a „ B i + B „ a i + A o b i + b „ A i + - | (a iBj + Bia2 t b i A j + Aib^) + ^ (B2a3 + A2b3)j 

+ | . ^ I ^ - i ^ V i r a o B , + B „ a i + A o b i + b „ A i + 3 ( B „ a 3 + A „ b 3 ) + - ^ (aiBz + Bia2 + biAj + Aibi) 
\ Ml N l / L 5 

. n i ( B 2 a 3 + A 2 b 3 ) l - ^ C ( a ) . { A - 2 4 ) 
2A 

Multiplying Eqs. (A-14) and (A-16) by P2(x), integrating between the limits 
-1 and -H , and dividing the resulting equations by 2/5, we find 

L , . N, 
S - b ; + ̂  r5(B„a3+Aob3) + ^ (B2a3+A2b3) + 3(aiB2 + Bia2 + biAj + Aib2)j + ^ ( 5 a 3 ) 

+ E ^ ra„B2 + B„a2+A„b2 + b„A2 + | ( B i a 3 + A i b 3 ) + | (a,Bi + biAi) + | (a jB; + b2A2)J 

+ . ^ r2(a„B2 + B„a2+A„b2 + b„A2) + 4 p ( B i a 3 + A , b 3 ) +^ ( a i B i + b i A i ) + y ( a 2 B 2 + b2A2)J = 0 

and {A-25) 

/ M , _ M r 5 ( B „ a 3 + A „ b 3 ) + ^ { B 2 a 3 + A 2 b 3 ) + 3(aiB2 + Bja^ + biA2 + Aib2)j + 1 - ^ - ^ V s a j ) 

+ f ^ ^ - ^ j S i aoB2 + B„a2+A„b2 + b„A2 + y ( B i a 3 + Aibj) = - | (aiBi + biAi) +j (a2B2+b2A2)| 

+ (f^ - fi\ Sir2(AiB2 + Boa2+A„b2+b„A2) + ^ (Bia3+Aib3) + i (aiBi + biAi) 
\ Ml N l / L ' ^ 

. ^ ( a 2 B 2 . b 2 A 2 ) ] ^ i ^ C ( s ) . ( A - 2 6 ) 

The boundary condition that Aa = 0 at x = - 1 may be expressed as 

bo - bi 4- b2 - b3 = 0. {A-27) 

The second boundary condition is that the perturbed pressure drop around 
a closed hydraulic loop equals (perturbed pressure drop in the channel) + 
(that at the exit) -I- (that in the downcomer) + (that at the inlet) is 0. 

The perturbed pressure drop in the channel is obtained by substitut­
ing Eqs. (A-4) to (A-13) into Eq. (A-3) and integrating m x between the 
limits -1 and -H: 
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3„+Aob(i) - ^ c h a n n e l =^LK£ U<Ao + ^ * ^T^) + ^-B 'Pg " Pf ) ' ' " + sL|^N, | (a„B„ 

+ i (a iBi +biA, ) + - j (a jBi + bjAzJ^ + Pga„ + s L p g S i - (a„Bi + B„ai + Ajb , + boAi) 

+ Yl (aiB2 + Bia2 + biA2+Aib2) + - (B2a3+A2b3) + (b„ + b i + b 2 + b 3 ) V£„ (P gS^ - Pf)l ^ 

-f (a„ + a i + a 2 + a 3 ) Vf„ao( PgS^- Pf) + PfVfo _ - (a„ - ai + a2 - a3)l sXPfVfo) • 
x - l 

(A-28) 

The perturbed p re s su re drop at the exit is neglected along with the eddy 
momentum loss at the exit in accordance with the reasonings given in 
Section II. 

The perturbed p ressu re drop in the downcomer is due to friction 
and accelerat ion in it, and is given by 

- A P D ( S ) = Kfj^ AVD + K^^ s AVQ, (A-29) 

where Kfr-, and Kaj-) a re obtained from steady-state information, and AV^ 
is the perturbed velocity in the downcomer. The assumption of no steam 
carryunder in the downcomer is used in writing Eq. (A-29). Taking water 
to be incompressible , one may express continuity of flow through the down­
comer and the channel as follows: 

AVD = 4*^''^'x=-i 

= ^^a,-a,,a,.a,). {A-30) 
A D 

Hence, Eq. (A-29) may be rewrit ten as 

- A P D ( S ) = K f j ^ ^ (ao-al-^a2-a3) + sKa^ X 5 (̂ o - ai + a2 - a3). 

(A-31) 

The perturbed p ressu re drop at the inlet may be stated as 

-APinlet = Ki^let (^^iK=-i 

= Kfniet (ao-ai-l^aj-aj) , (A-32) 

here Kinlet is computed from the steady-state data. Equations (A-28), 
fA-31)' and (A-32) a re added to obtain an expression for the perturbed 

r e s su re drop around the loop, which is equated to zero to obtain 



2LK£ (a„A„ + i ^ + ^ j + Lg(Pf - Pg)bo + sL|^N.|{a„B„ + A„b„) + \ ( a iB , +b,Ai) 

+ | ( a 2 B 2 + A 2 b 2 ) | + pgaoj + sLPgSi |^| (a„B, + B„ai + A.bi + b„Ai) + ;f| (aiB2 + Bia2 + biA2 + Aib2) 

+ 5 | (B2a3+A2b3)] +{b„ + b , + b 2 + b 3 ) [ v £ o ( p g S ' - P f ) ] ^ , , + (a„ + ai + a2 + a3) [vf„«„( PgS^ - Pf) 

H- PfVfo]^, , - ( a „ - a i + a 2 - a 3 ) [ p f V £ „ ] _ ^ ^ , + ( K £ j ^ ^ + K i „ i e t + s K a j , ^ ) ( a o - a i + a 2 - a 3 ) = 0. 

(A-33) 

E q u a t i o n s (A-21) to (A-33) m a y be e x p r e s s e d in the following m a t r i x e q u a ­
t ion form: 

[A(s)][x(s)] = [B]C(s) , (A-34) 

w h e r e [A(s)] i s an 8 /8 m a t r i x whose e l e m e n t s m a y con ta in s, [x(s)] i s a 
co lumn m a t r i x f o r m e d by the unknowns ao, a i , bo, bi, e t c . , and [ B ] i s a n o t h e r 
co lumn m a t r i x whose e l e m e n t s a r e the coef f ic ien t s of C(s) in E q s . (A-21) 
to (A-33) . 

T h e r e f o r e , 

[x(s)] = [A(s ) ] - ' [B] . (A-34a) 

The t r a n s f e r funct ions a o ( s ) / c ( s ) , a i ( s ) / C ( s ) , b o ( s ) / c ( s ) , b i ( s ) / C ( s ) , e t c . , 
a r e r ead i ly obta ined f rom Eq. (A-34a) . The o p e r a t i o n [ A ( S ) ] " ' [ B ] i s p e r ­
f o r m e d by m e a n s of a d igi ta l c o m p u t e r p r o g r a m due to G u p p y . l l j ) 

E x a m p l e : C o n s i d e r a s i n g l e - c h a n n e l loop, 4 ft long and with a d i a m e t e r of 
1 in. The d o w n c o m e r length is taken to be 4 ft and the d i a m e t e r 6 in. 

The va lue s of AQ, A] , Bo, Bi, e t c . , ( c o r r e s p o n d i n g to 80 k w / l i t e r -
un i fo rm hea t flux) a r e subs t i tu t ed in E q s . (A-21) to (A-33) . The r e s u l t i n g 
equa t ions a r e a r r a n g e d in the f o r m of Eq . (A-34) . This i s shown in F ig . A - l . 
We take f(x) = Co and ( L / 2 A ) C O equal to 1 for convenience . By means of 
Guppy ' s d ig i ta l c o m p u t e r p r o g r a m , the c o m m o n denominator of the transfer 
functions ao(s ) /C(s ) , a i ( s ) / C ( s ) , e t c . , a long with the r e s p e c t i v e n u m e r a t o r s , 
a r e obta ined. 

C o m m o n Denomina to r : 

1.5585 X 10^ s* + 4.8221 x 10'' s^ 

+ 6.1761 X 10^ s^ -I- 3.8168 X IO** s 

-I- 1.5007 X 10' . 
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N u m e r a t o r of ao ( s ) /C( s ) : 

7 . 1 9 7 2 x 1 0 ^ s* 4- 2 .9894x10'* s^ - 6.1 898 x 10^ s^ - 3.341 3 x 1 O' s + 3.6739 x 10^. 

N u m e r a t o r of a i ( s ) / C ( s ) : 

5 .6870x10* s* -1-1.8228x10' ' s^-I-2.6843 x 1 O'' 3 ^ 1 . 2 3 61 xlO« s-H 3.0569 x 1 0^ 

N u m e r a t o r of a2 ( s ) /C( s ) : 

- 9 . 5 3 8 0 x 1 0 ^ s* - 4 . 5 7 7 0 x 1 0^ s ' - 9.6600 xlO^ s^ - 6.6697 x 1 O'' s - 6 . 2 9 6 0 x 1 0 ^ 

N u m e r a t o r of a3 ( s ) /C( s ) : 

1 .4867x10^ s * - 2 . 0 3 1 1 x 1 0 ^ s^ - 1 .2276x10^ s^ - 7.6197 x 10^ s-^ 8. 5000 x 1 o ' . 

N u m e r a t o r of b o ( s ) / c ( s ) : 

2.2440 X 10* s^ + 5.2870 x 10^ s^ -I- 1.1080 x lO'' s -I- 3.7102 x lO ' . 

N u m e r a t o r of b i ( s ) / C ( s ) : 

- 2 .3735 X 10* s^ - 1.1088 x 10^ s^ - 1.4726 x 10* s -1̂  1.2978 x 10^. 

N u m e r a t o r of b2 ( s ) /C( s ) : 

1.4692 X 10* s^ - 8.4213 x 10= s^ - 7.2076 x 10^ s - 1.4812 x lO' . 

N u m e r a t o r of b3 ( s ) /C(s ) : 

6.0867 X 10* s^ + 7.9537 x 10= s^ + 3.8700 x l O ' s -I- 9 .3120 x l o ' . 

P a r a l l e l - c h a n n e l S y s t e m 

A s y s t e m of two h e a t e d c h a n n e l s o p e r a t i n g in p a r a l l e l with a c o m m o n 
d o w n c o m e r m a y be a n a l y z e d by a m e t h o d a n a l o g o u s to tha t for a s y s t e m with 



only one heated channel. It is assumed that the perturbed heat input into 

the channels may be expressed as 

A0 = f(z)C(s) (A-35) 

and 

A0' = f'(z)C(s), (A-35a) 

where f(z) and f'(z) are known, and C(s) is common for both Eqs. (A-35) and 

(A-35a). Primed symbols correspond to the second channel. 

In a third-degree approximation of this system, there would be 17 un­

knowns: 8 for the first channel, 8 for the second channel, and 1 due to C(s). 

The 16 equations necessary to obtain the transfer functions would consist of 

2 sets of 8 equations each. These sets would have a form identical to that of 

the system with a single heated channel, except that the terms corresponding 

to the perturbed pressure drop in the downcomer would contain the unknowns 

of both channels. One may express the perturbed pressure drop in the down­

comer as 

- A P D = (Kfj^-hsK^^)^(ao-ai-ha2-a3) 

+ (Ki^ + sK^\-^(a'o-aUa'^-a',). (A-36) 

Example: Consider a system of 2 channels working in parallel with a com­

mon downcomer. Each channel is 4 ft long and has a diameter of 1 in. The 

downcomer dimensions are variable. 

The 16 equations are written in the form of Eq. (A-34), as is shown 

in Fig. A-2. The channels have a uniform steady-state heat flux at 80 kW/ 

liter and 20 kw/liter, respectively. Table V gives the coefficients AQ, AI, 

Bo, Bi, etc., corresponding to these heat fluxes. The downcomer has negli­

gible friction and the perturbed acceleration pressure drop in it is taken as 

50s[ao - ai + a2 - a3 4- ao - ai 4- a2 - a3]. The transfer functions may be readily 

evaluated if f(x) in each channel is specified. 
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Append ix B 

L E G E N D R E POLYNOMIALS 

L e g e n d r e p o l y n o m i a l s of the nth d e g r e e , Pn(x) . m a y be def ined by 

the equa t ion 

-nW^;ir-£^(^^-)^ 
for n = 0, 1, 2, 3, e t c . 

The p o l y n o m i a l s of the l o w e s t d e g r e e s a r e 

Po(x 

Pi{x 

P2(x 

P3(x 

P4(x 

P5(x 

P6{x 

1 

| ( 3 x ^ - l ) 

- i - ( 5 x ^ - 3 x ) 

(35x* - 3 0 x H 3 ) 

• (63x=- 70x^-1- 15x) 

16 
(231x ' ' - 315x*-l-105x^- 5). 

The o r thogona l i ty of the L e g e n d r e p o l y n o m i a l s i s i n d i c a t e d by the equa t ions 

>-l- i 

j P^{K)P^{K) dx = 0 for n / 

/ [Pn(x) <)Y d x 
2n-H 

The a s y m p t o t i c b e h a v i o r of the L e g e n d r e p o l y n o m i a l s m a y be de­
s c r i b e d by the following equa t ions : 
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Pn{ l ) = 1 

P n ( - l ) = (-1)'^ 

P2n-n(0) = 0 

P2{0) = ( - 1 ) " ^ •^•• • • •^f '^ ' (not for n = 0). 
2.4 . . . 2n 

The t e r m x " m a y be e x p r e s s e d a s a s u m of the L e g e n d r e p o l y n o m i a l s 
of d e g r e e up to and inc lud ing n. F o r e x a m p l e : 

1 = Po 

X = P i 

x^ = j ( P o + 2 P2) 

x^ = i ( 3 P l - ^ 2 P3) 

X* = — (7 Po + 2 0 P2 + 8 P j 

x= = ^ ( 2 7 P i + 28 P3 + 8 P5) 

x^ = ^ (33 Po + 11 0 P2 + 72 P4 + 1 6 P j . 

M o r e i n f o r m a t i o n abou t L e g e n d r e p o l y n o m i a l s i s a v a i l a b l e in Ref. 14. 
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